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The nonlinear theory of dust-acoustic waves (DAWs) with Landau damping is studied in an
unmagnetized dusty negative-ion plasma in the extreme conditions when the free electrons are
absent. The cold massive charged dusts are described by fluid equations, whereas the two-species
of ions (positive and negative) are described by the kinetic Vlasov equations. A Korteweg de-Vries
(KdV) equation with Landau damping, governing the dynamics of weakly nonlinear and weakly
dispersive DAWs, is derived following Ott and Sudan [Phys. Fluids 12, 2388 (1969)]. It is shown
that for some typical laboratory and space plasmas, the Landau damping (and the nonlinear) effects
are more pronounced than the finite Debye length (dispersive) effects for which the KdV soliton
theory is not applicable to DAWs in dusty pair-ion plasmas. The properties of the linear phase
velocity, solitary wave amplitudes (in presence and absence of the Landau damping) as well as the
Landau damping rate are studied with the effects of the positive ion to dust density ratio (µpd) as
well as the ratios of positive to negative ion temperatures (σ) and masses (m).
PACS numbers: 52.25 Dg, 52.27.Cm, 52.35.Mw, 52.35.Sb
I. INTRODUCTION
Plasmas with massive charged dust grains are of inter-
est both for space (e.g., cometary tails, planetary rings,
the interstellar medium, Earth’s magnetosphere and up-
per atmosphere, Earth’s D and lower E regions etc.) [1]
as well as laboratory plasmas [2, 3]. Furthermore, dusty
plasmas containing both positive and negative ions and a
very few percentage of free electrons (or almost electron-
free) are found in both naturally occurring plasmas (e.g.,
Earth’s D and lower E regions, the F-ring of Saturn,
nighttime polar mesosphere etc.) [2, 4, 5] and in plasmas
used for technological applications [6, 7]. There are sev-
eral motivations for investigating such plasmas and asso-
ciated waves and instabilities owing to their potential ap-
plications in both laboratory and space plasma environ-
ments (See, e.g., Refs. 8–16). In dusty plasmas, the size
of the dust grains may vary in the range of 0.05− 10µm,
their mass is about 106−1012 times the mass of ions and
they have atomic numbers zd in the range of 10
3 − 105
[1]. In typical dusty plasmas with electrons and ions,
dust grains are negatively charged due to high mobil-
ity of electrons into dust grain surface [1]. However, re-
cent laboratory experiments [8–10] suggest that in dusty
negative-ion plasmas where positive ions are the more
mobile species, dusts can be positively charged when
mn > mp, nn  ne and Tp > Tn are satisfied, where mj
is the mass, nj is the number density and Tj is the ther-
modynamic temperature of j-species particles in which
j = e, p, n stand for electrons, positive ions and nega-
tive ions respectively. On the other hand, when charged
dust grains collect all the electrons from the background
plasma, they can be negatively charged. Such density
depletion of electrons associated with the capture of elec-
trons by aerosol particles have been observed in the sum-
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mer polar mesosphere at about 85 km altitude [17]. Fur-
thermore, positively charged nanometer-seized particles
were observed in the nighttime polar mesosphere in a re-
gion (Altitude range between 80 and 90 km) dominated
by positive and negative ions and a very few percentage
of electrons [5].
It has been found that the presence of charged dust
grains modifies the plasma wave phenomena and these
charged dust grains give rise to new low-frequency eigen-
modes, called dust-acoustic wave (DAW), which was first
theoretically predicted by Rao et al. [18]. However, the
presence of negative ions in dusty plasmas can signifi-
cantly modify not only the dispersion properties of DAWs
but also some nonlinear localized structures (For some re-
cent theoretical developments and experiments in nega-
tive ion plasmas readers are referred to Refs. 11–14). On
the other hand, these waves can be damped (collisionless)
due to the resonance of particles (trapped and/or free)
with the wave (i.e., when the particle’s velocity is nearly
equal to the wave phase velocity) [19]. The linear electron
Landau damping of nonlinear ion-acoustic solitary waves
was first studied by Ott and Sudan [20, 21] neglecting
the particle’s trapping effects on the assumption that the
particle trapping time is much longer than that of Lan-
dau damping. They derived a Korteweg-de Vries (KdV)
equation with a source term that models the lowest-order
effects of resonant particles. It was demonstrated that an
initial wave form may either steepen or not depending on
the relative size of the nonlinearity compared to the Lan-
dau damping. The latter was also shown to cause decay
of wave amplitude with time.
In the past, several authors have attempted to study
the effects of Landau damping on the nonlinear propa-
gation of electrostatic solitary waves in different plasma
systems. For example, Bandyopadhyay et al. [22, 23] in-
vestigated the propagation characteristics of ion-acoustic
solitary waves with Landau damping in nonthermal plas-
mas. Ghosh et al. [24] considered the linear Landau
damping effects on nonlinear ion-acoustic solitary waves
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2in electron-positron-ion plasmas. They studied the prop-
erties of the wave phase velocity, the solitary wave am-
plitude as well as the Landau damping rate with the im-
portant effects of positron density and temperature. Mo-
tivated by the recent theoretical developments as well as
experimental observations of low-frequency electrostatic
waves in pair-ion plasmas [8–16] we have investigated
the Landau damping effects of dust-acoustic (DA) soli-
tary waves in dusty pair-ion plasmas (quite distinctive
from electron-positron-ion plasmas and dusty electron-
ion plasmas). We show that for typical plasma parame-
ters relevant for laboratory and space environments, the
Landau damping (and the nonlinear) effect is stronger
than the finite Debye length (dispersive) effects for which
the KdV soliton theory is not applicable to DAWs in
dusty pair-ion plasmas. The landau damping effect is
shown to slow down the wave amplitude with time. It
is found that in contrast to electron-ion or electron-
positron-ion plasmas, the nonlinearity in the KdV equa-
tion can never vanish in dusty pair-ion plasmas with pos-
itively or negatively charged dusts. This implies that the
modified KdV equation is no longer required for the evo-
lution of DAWs. The properties of the linear phase ve-
locity, solitary wave amplitudes (in presence and absence
of the Landau damping) as well as the Landau damping
rate are also analyzed with the effects of positive ion to
dust density ratio (µpd) as well as the ratios of positive
to negative ion temperatures (σ) and masses (m).
II. BASIC EQUATIONS
We consider the nonlinear propagation of electrostatic
DAWs in an unmagnetized collisionless dusty plasma
consisting of singly charged adiabatic positive and neg-
ative ions, and positively or negatively charged mobile
dusts. The latter are assumed to have equal mass and
charge which are treated as constant. It is to be noted
that the dust charge fluctuation process may introduce
a new low-frequency wave eigen mode as well as another
dissipative effect (wave damping) into the system. How-
ever, we have neglected this charge fluctuation effect on
the propagation of dust-acoustic waves by the assump-
tion that the charging rate of dust grains is very high
compared to the dust plasma oscillation frequency. The
collisions of all particles are also neglected in the consid-
ered interval of time. Furthermore, in dusty plasmas the
ratio of electric charge to mass of dust grains remains
much smaller than those of both positive and negative
ions. It is also assumed that the size of the grains is
small compared to the average distance between them.
The unperturbed state is overall neutral so that the in-
ternal electric field is zero. Also, the curl of the electric
field vanishes (i.e., electrostatic), and the perturbation
about the equilibrium state is weak. At equilibrium, the
overall charge neutrality condition reads
np0 + ζzdnd0 = nn0, (1)
where nj0 is the unperturbed number density of species
j (j=p, n, d respectively stand for positive ions, nega-
tive ions, and dynamical charged dusts), zd (> 0) is the
unperturbed dust charge state and ζ = ±1 according to
when dusts are positively or negatively charged.
The cold dust is described by a set of fluid equations
(2)-(3), whereas the two species of ions (positive and neg-
ative) are described by the kinetic Vlasov equation (4).
The electric potential φ is described by the Poisson equa-
tion (5). Thus, the basic equations for the dynamics of
charged particles in one space dimension are
∂nd
∂t
+
∂(ndud)
∂x
= 0, (2)
∂ud
∂t
+ ud
∂ud
∂x
= − qd
md
∂φ
∂x
, (3)
∂fj
∂t
+ v
∂fj
∂x
− qj
mj
∂φ
∂x
∂fj
∂v
= 0, (4)
∂2φ
∂x2
= −4pie(np − nn + ζzdnd), (5)
where j stands for p, n denoting, respectively, the positive
and negative ions. The ion densities are given by
nj =
∫ ∞
−∞
fjdv. (6)
In equations (2)-(6) nd, ud, qd(= ±zde), md, respectively,
denote the number density, fluid velocity, charge and
mass of dust grains. Also, v is the particle’s velocity, and
fj , mj and nj , respectively, denote the velocity distri-
bution function, mass and number densities of j-species
ions. Furthermore, φ is the electrostatic potential and x
and t are the space and time coordinates.
Equations (2)-(6) can be recast in terms of dimension-
less variables. We normalize the physical quantities ac-
cording to ud → ud/cs, φ → eφ/kBTp, nj → nj/nj0,
nd → nd/nd0, fj → fjvtj/nj0, v → v/vtp, where
cs =
√
zdkBTp/md = ωpdλD is the DA speed with ωpd =√
4pind0z2de
2/md and λD =
√
kBTp/4pind0zde2 denoting,
respectively, the dust plasma frequency and the plasma
Debye length. Here, kB is the Boltzmann constant, Tj is
the thermodynamic temperature and vtj(=
√
kBTj/mj)
is the thermal velocity of j-species ions. The space and
time variables are normalized by L and L/cs respectively,
where L is the characteristic scale length for variations
of nj , ud, φ, fj etc.
Thus, from equations (2)-(6), we obtain the following
set of equations in dimensionless form:
∂nd
∂t
+
∂(ndud)
∂x
= 0, (7)
∂ud
∂t
+ ud
∂ud
∂x
= −ζ ∂φ
∂x
, (8)
3δ
∂fj
∂t
+ v
∂fj
∂x
− ζjmp
mj
∂φ
∂x
∂fj
∂v
= 0, (9)
λ2D
L2
∂2φ
∂x2
= µndnn − µpdnp − ζnd, (10)
nj =
√
mj
mp
Tp
Tj
∫ ∞
−∞
fjdv, (11)
together with the charge neutrality condition given by
µpd + ζ = µnd. (12)
In Eq. (9), ζj = ±1 for positive (j = p) and negative
(j = n) ions and δ =
√
zdmp/md. Also, in Eq. (10),
µjd = nj0/zdnd0 for j = p and n. The basic parameters
can be defined as follows:
• δ ≡ √zdmp/md (for positive ions) and mδ (for
negative ions with m = mn/mp), which represent
the effects due to ion inertias, and, in particular,
Landau damping by both the positive and negative
ions.
• nd1/nd0, the ratio of perturbed density to its equi-
librium value. This measures the strength of the
nonlinearity in electrostatic disturbances.
• λ2D/L2: This is a measure of the strength of the
wave dispersion due to deviation from the quasineu-
trality. Here, L represents the characteristic scale
length for variations of the physical quantities,
namely, nd, ud, φ etc. This parameter disappears
in the left-side of Eq. (10), if one considers the
normalization of x by λD instead of L .
Note that if the ions are intertialess compared to the
massive charged dusts, the ratios δ and mδ can be ne-
glected in Eq. (9), and one can replace (hence disre-
garding the Landau damping effects) this equation by
the Boltzmann distributions of ions. On the other hand,
when dust grains are considered cold, i.e., Td = 0, then
the Landau damping is provided solely by the ions and
the damping rate is ∝ δ or mδ. Since one of our main
interests is to study the interplay among the nonlinear-
ity, the dispersion and the Landau damping effects, we
consider [20]
• δ = α1,
• nd1/nd0 = α2,
• λ2D/L2 = α3,
where (> 0) is a smallness parameter and αj (j = 1, 2, 3)
is a constant assumed to be of the order-unity. Then from
Eq. (9) we obtain the following two equations for positive
and negative ions as
α1
∂fp
∂t
+ v
∂fp
∂x
− ∂φ
∂x
∂fp
∂v
= 0, (13)
and
α1
∂fn
∂t
+ v
∂fn
∂x
+
1
m
∂φ
∂x
∂fn
∂v
= 0. (14)
III. DERIVATION OF KDV EQUATION WITH
LANDAU DAMPING
We note that in the limit of  → 0 (i.e., in the small-
amplitude limit in which ions are inertialess and the
characteristic scale length is much larger than the Debye
length), Eqs. (7)-(10) yield the simple linear dispersion
law (in nondimensional form):
vp ≡ ω/k = (µpd + σµnd)−1/2 , (15)
where ω and k are the wave frequency and the wave num-
ber of plane wave perturbations. Equation (15) shows
that the wave becomes dispersionless with the phase
speed smaller than the dust-acoustic speed cs. In other
words, in a frame moving at the speed vp, the time deriva-
tives of all physical quantities should vanish. Thus, for
a finite  with 0 <  . 1, we can expect slow variations
of the wave amplitude in the moving frame of reference,
and so introduce the stretched coordinates as [25]
ξ = 1/2(x−Mt), τ = 3/2t, (16)
where M is the nonlinear wave speed (relative to the
frame) normalized by cs, to be shown to be equal to vp
later.
The dependent variables are expanded in powers with
respect to  about the equilibrium state as
nd= 1 + α2n
(1)
d + α
2
2
2n
(2)
d + · · · ,
ud= α2u
(1)
d + α
2
2
2u
(2)
d + · · · ,
φ= α2φ
(1) + α22
2φ(2) + · · · , (17)
nj= 1 + α2n
(1)
j + α
2
2
2n
(2)
j + · · · ,
fj= f
(0)
j + α2f
(1)
j + α2
2f
(2)
j + · · · ,
where f
(0)
j , for j = p, n, are assumed to be the
Maxwellian given by
f
(0)
j =
√
1/2pi exp
[
(mjTp/mpTj)
(−v2/2)] . (18)
For convenience, we temporarily drop the constant α2 in
the subsequent expressions and equations. We, however,
remember that α1, α2 and α3 will explicitly appear in
the coefficients of the terms associated with the Landau
damping, nonlinear and the dispersion in the KdV equa-
tion. In what follows, we substitute the expressions from
Eqs. (16) and (17) into Eqs. (7), (8), (10), (11), (13) and
(14) and equate successively different powers of . The
results are given in the following subsections.
First-order perturbations and nonlinear wave speed
Equating the coefficients of 3/2 from Eqs. (7) and (8),
the coefficients of  from Eqs. (10) and (11), and the co-
efficients of 3/2 from Eqs. (13) and (14), we successively
obtain
n
(1)
d = u
(1)
d /M, (19)
4u
(1)
d = ζ
φ(1)
M
, (20)
0 = µndn
(1)
n − µpdn(1)p − ζn(1)d , (21)
n
(1)
j =
√
mj
mp
Tp
Tj
∫ ∞
−∞
f
(1)
j dv, (22)
v
∂f
(1)
p
∂ξ
+ vf (0)p
∂φ(1)
∂ξ
= 0, (23)
v
∂f
(1)
n
∂ξ
− σvf (0)n
∂φ(1)
∂ξ
= 0. (24)
From Eqs.(19), (20) we obtain
n
(1)
d = ζ
φ(1)
M2
. (25)
Equation (23) yields [20]
∂f
(1)
p
∂ξ
= −f (0)p
∂φ(1)
∂ξ
+ λ(ξ, τ)δ(v), (26)
where δ(v) is the Dirac delta function and λ(ξ, τ) is an
arbitrary function of ξ and τ . We find that the above so-
lution for ∂f
(1)
p /∂ξ involves the arbitrary function λ(ξ, τ),
and hence is not unique. Thus, for the unique solution
to exist we follow Ref. [20] and include an extra higher-
order term 7/2α1
(
∂f
(1)
p /∂τ
)
originating from the term
5/2α1 (∂fp/∂τ) in Eq. (13) after the expressions (16)
and (17) being substituted. Thus, we write Eq. (23) as
α1
2 ∂f
(1)
p
∂τ
+ v
∂f
(1)
p
∂ξ
= −vf (0)p
∂φ(1)
∂ξ
, (27)
Similarly, from Eq. (24), we have
α1
2 ∂f
(1)
n
∂τ
+ v
∂f
(1)
n
∂ξ
= σvf (0)n
∂φ(1)
∂ξ
. (28)
The solutions of the initial value problems (27) and (28)
are now unique, and can be found uniquely, once f
(1)
j for
j = p, n are known, by letting → 0 as
f
(1)
j = lim→0
f
(1)
j . (29)
Next, taking the Fourier transform of Eq. (27) with re-
spect to ξ and τ according to the formula
fˆ(ω, k) =
∫ ∞
−∞
∫ ∞
−∞
f(ξ, τ)ei(kξ−ωτ)dξdτ, (30)
we obtain
fˆ (1)p = −
(
kvf
(0)
p
kv − 2α1ω
)
φˆ(1). (31)
We note that the singularity appears in Eq. (31). In
order to avoid it we replace ω by ω + iη, where η (> 0)
is small, to obtain
fˆ (1)p = −
[
kvf
(0)
p
(kv − 2α1ω)− iηα12
]
φˆ(1). (32)
Proceeding to the limit as → 0 and using the Plemelj’s
formula
lim
→0
1
x+ iω
= −ipiδ(x) + P
(
1
x
)
, (33)
where P and δ, respectively, denote the Cauchy principal
value and the Dirac delta function, we obtain
fˆ (1)p = −f (0)p φˆ(1), (34)
in which we have used the properties xP (1/x) = 1,
xδ(x) = 0. Next, taking Fourier inversion of Eq. (34),
we have
f (1)p = −f (0)p φ(1). (35)
Proceeding in the same way as above for the positive
ions, we obtain from Eq. (28) for negative ions as
f (1)n = σf
(0)
n φ
(1). (36)
From Eqs. (35) and (36) and using Eq. (22) we obtain
n(1)p = −φ(1), (37)
n(1)n = σφ
(1). (38)
Substituting the expressions for n
(1)
j from Eqs. (25), (37)
and (38) into Eq.(21), we obtain the following expression
for the nonlinear wave speed
M = (µpd + σµnd)
−1/2 ≡ [(1 + σ)µpd ± σ]−1/2 . (39)
As expected, the expression forM is the same as obtained
in the linear dispersion law (15) for plane wave pertur-
bations. The signs ± stand for the expressions according
to when dust grains are considered positive or negative.
For typical laboratory [8–10] and space plasma parame-
ters [5], σ & 1. Also, for plasmas with positively or neg-
atively charged dusts, the expression inside the square
root is positive and/or µpd > 1. So, M < 1, i.e., the non-
linear wave speed is always lower than the dust-acoustic
speed. Figure 1 shows that for plasmas with positively
charged dusts (See the solid, dashed and dotted lines)
the value of M tends to decrease with increasing values
of the positive to negative ion temperature ratio σ as
well as the density ratio µpd. However, the value of M
becomes higher in the case of negatively charged dusts
(Compare the solid and the dash-dotted lines).
5FIG. 1. The phase velocity M of the nonlinear DAW [Eq.
(39)] is plotted against the temperature ratio σ (= Tp/Tn)
for different values of the density ratio µpd (= np0/zdnd0) as
shown in the figure. The acronym PCD (NCD) stands for the
case of positively (negatively) charged dusts.
Second-order perturbations
Equating the coefficients of 5/2 from Eqs. (7) and (8),
the coefficients of 2 from Eqs. (10) and (11), and the co-
efficients of 5/2 from Eqs. (13) and (14), we successively
obtain
−M ∂n
(2)
d
∂ξ
+
∂u
(2)
d
∂ξ
+
∂n
(1)
d
∂τ
+
∂(u
(1)
d n
(1)
d )
∂ξ
= 0, (40)
−M ∂u
(2)
d
∂ξ
+ u
(1)
d
∂u
(1)
d
∂ξ
+
∂u
(1)
d
∂τ
= −ζ ∂φ
(2)
∂ξ
, (41)
∂2φ(1)
∂ξ2
= µndn
(2)
n − µpdn(2)p − ζn(2)d , (42)
n
(2)
j =
√
mj
mp
Tp
Tj
∫ ∞
−∞
f
(2)
j dv, (43)
−α1M ∂f
(1)
p
∂ξ
+ v
∂f
(2)
p
∂ξ
− ∂φ
(1)
∂ξ
∂f
(1)
p
∂v
+vf (0)p
∂φ(2)
∂ξ
= 0, (44)
−α1M ∂f
(1)
n
∂ξ
+ v
∂f
(2)
n
∂ξ
+
1
m
∂φ(1)
∂ξ
∂f
(1)
n
∂v
−σvf (0)n
∂φ(2)
∂ξ
= 0. (45)
Substituting the expressions for f
(1)
j from Eqs. (35) and
(36) into Eqs. (44) and (45) we successively obtain
v
∂f
(2)
p
∂ξ
+ vf (0)p
∂φ(2)
∂ξ
= (Dpa + vDpb)f
(0)
p , (46)
v
∂f
(2)
n
∂ξ
− σvf (0)n
∂φ(2)
∂ξ
= (Dna + vDnb)f
(0)
n , (47)
where
Dpa = −α1M ∂φ
(1)
∂ξ
, Dpb =
1
2
∂(φ(1))2
∂ξ
Dna = α1Mσ
∂φ(1)
∂ξ
, Dnb =
σ2
2
∂(φ(1))2
∂ξ
. (48)
As before, to get the unique solutions for f
(2)
j for positive
(j = p) and negative (j = n) ions, we introduce an ex-
tra higher-order term 9/2α1
(
∂f
(1)
j /∂τ
)
originating from
the term 5/2α1 (∂fj/∂τ) in Eqs.(13) and (14) after the
expressions (16) and (17) being substituted. Thus, we
rewrite Eqs. (46) and (47) as
α1
2 ∂f
(2)
p
∂τ
+ v
∂f
(2)
p
∂ξ
+ vf (0)p
∂φ(2)
∂ξ
= (Dpa + vDpb)f
(0)
p , (49)
α1
2 ∂f
(2)
n
∂τ
+ v
∂f
(2)
n
∂ξ
− σvf (0)n
∂φ(2)
∂ξ
= (Dna + vDnb)f
(0)
n . (50)
So, the unique solutions can be found, once f
(2)
j for j =
p, n are known, by letting → 0 as
f
(2)
j = lim→0
f
(2)
j . (51)
Next, introducing the Fourier transform in Eq. (49) with
respect to ξ and τ according to the formula (30), we have
fˆ (2)p = −
(
kvf
(0)
p
kv − 2α1ω
)
φˆ(2)
−i
(
Dˆpa + vDˆpb
kv − 2α1ω
)
f (0)p . (52)
As before, to avoid the wave singularity, ω will have a
small positive imaginary part. So, we replace ω by ω+iη,
where η > 0, to obtain from Eq. (52) as
fˆ (2)p = −
[
kvf
(0)
p
(kv − 2α1ω)− iηα12
]
φˆ(2)
−i
[
(Dˆpa + vDˆpb)
(kv − 2α1ω)− iηα12
]
f (0)p . (53)
6(a) (b)
FIG. 2. The linear Landau damping decrement |γ| [Eq. (65)] is shown with the variations of the temperature ratio σ (= Tp/Tn)
for different values of (a) the mass ratio m (= mn/mp) (left panel) and (b) the density ratios µpd (= np0/zdnd0) (right panel),
keeping one parameter fixed at a time, as in the figure. The acronym PCD (NCD) stands for the case of positively (negatively)
charged dusts.
Proceeding to the limit as → 0 and using the Plemelj’s
formula (33), we have from Eq. (53) as
fˆ (2)p + f
(0)
p φˆ
(2) = −i
[
P
(
1
kv
)
+ ipi
sgn(k)
k
δ(v)
]
×
(Dˆpa + vDˆpb)f
(0)
p , (54)
where we have used the properties xP(1/x) = 1, xδ(x) =
0 and δ(kv) = [sgn(k)/k]δ(v). We multiply both sides of
Eq.(54) by ik and then integrate over v to obtain
ik
(
nˆ(2)p + φˆ
(2)
)
= Dˆpb + i
√
pi
2
sgn(k)Dˆpa. (55)
The Fourier inverse transform of Eq.(55) yields
∂n
(2)
p
∂ξ
+
∂φ(2)
∂ξ
=
1
2
∂(φ(1))2
∂ξ
+
√
pi
2
F−1
[
i sgn(k)Dˆpa
]
. (56)
Then using the convolution theorem of Fourier transform,
we have from Eq. (56)
∂n
(2)
p
∂ξ
+
∂φ(2)
∂ξ
=
1
2
∂(φ(1))2
∂ξ
+α1M
1√
2pi
P
∫ ∞
−∞
∂φ(1)
∂ξ′
dξ′
ξ − ξ′ , (57)
where we have used F−1[i sgn(k)] = −(1/pi)P (1/ξ).
Proceeding in the same way as above for positive ions,
we obtain from Eq. (50) for negative ions as
∂n
(2)
n
∂ξ
− σ∂φ
(2)
∂ξ
=
σ2
2
∂(φ(1))2
∂ξ
−α1Mm1/2σ3/2 1√
2pi
P
∫ ∞
−∞
∂φ(1)
∂ξ′
dξ′
ξ − ξ′ . (58)
KdV Equation with Landau damping
In order to obtain the required KdV equation, we first
eliminate ∂u
(2)
d /∂ξ and ∂n
(2)
d /∂ξ from Eqs. (40)-(42) and
then eliminate ∂n
(2)
j /∂ξ by using Eqs. (57) and (58). In
the resulting equation we also substitute the expressions
for n
(1)
d and u
(1)
d from Eqs. (19) and (20). Thus, we
obtain the following KdV equation (Recall that the con-
stants α1, α2 and α3 will enter into the Landau damping,
nonlinear and the dispersive terms)
∂n
∂τ
+ aP
∫ ∞
−∞
∂n
∂ξ′
dξ′
ξ − ξ′ + bn
∂n
∂ξ
+ c
∂3n
∂ξ3
= 0, (59)
where n ≡ n(1)d and the coefficients of the Landau damp-
ing, nonlinear and dispersive terms, respectively, are
a =
α1√
8pi
σ−1/2
σ21
[
ζ
√
m+ (
√
m+ σ−3/2)µpd
]
, (60)
b =
α2
2
√
σσ1
[
3− ζ σ2
σ21
]
, (61)
c =
α3
2
(σσ1)
−3/2, (62)
with σ1 = ζ +
(
1 + σ−1
)
µpd, σ2 = ζ +
(
1− σ−2)µpd
and ζ = ±1 denoting, respectively, for positively and
negatively charged dusts.
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FIG. 3. The KdV soliton solution n [Eq. (66)] is shown with respect to ξ at τ = 0 for different values of (a) the temperature
ratio σ (= Tp/Tn) (left panel) and (b) the density ratio µpd (= np0/zdnd0) (right panel), keeping one parameter fixed at a time,
as in the figure. The acronym PCD (NCD) stands for the case of positively (negatively) charged dusts.
Equation (59) is the required KdV equation which de-
scribes the weakly nonlinear and weakly dispersive dust-
acoustic waves in an unmagnetized dusty pair-ion plasma
with the effects of Landau damping. Inspecting on the
coefficients a, b and c we find that for σ > 1 and
α1, α2, α3 ∼ O(1), we have σ1 & σ2 and b > a, c for
typical laboratory [3, 8, 9] and space [5] plasma parame-
ters. Also, if we set δ = 0, i.e. if we neglect the strength
of the Landau damping associated with the ions then
Eq. (59) reduces to the usual KdV equation which gov-
erns the small but finite amplitude nonlinear DAWs in
unmagnetized dusty pair-ion plasmas.
It is of interest to examine the range of values of the
parameters for which the KdV equation (without the
Landau damping) is applicable to DAWs, and also to
see the competition between nonlinearity and Landau
damping in determining whether or not an initial wave
steepens. To this end we consider typical plasma pa-
rameters that are relevant to laboratory and space plas-
mas. For example, for laboratory plasmas [3, 8, 9] (in
which the light positive ions are singly ionized potassium
K+ and heavy negative ions are SF−6 ), we can consider
mp = 6.5 × 10−23 g, mn = 2.4 × 10−22 g, Tp = 0.2 ev=
2321 K, Tn = 0.025 ev= 290.12 K, nn0 = 2 × 109 cm−3,
np0 = 1.3 × 109 cm−3, nd0 = 2 × 106 cm−3, φs = 0.1
v= 3.3 × 10−4 statv, R = 5.04 µm= 5.04 × 10−4 cm
and zd =∼ Rφs/e ∼ 350, so that we have [Assum-
ing that α1, α2, α3 ∼ O(1)] a = 0.0412 (0.1028),
b = 0.2719 (0.6263) and c = 0.0041 (0.0194) for positively
(negatively) charged dusts. This implies that the nonlin-
ear and the Landau damping effects are larger than the
finite Debye length (dispersive) effects so that the KdV
soliton theory is not applicable to DAWs. This is, in
fact, true for the experiment described in Ref. [26]. On
the other hand, for space plasma parameters [5] (e.g.,
a dusty region at an altitude of about 95 km) in which
mp = 28mproton = 4.7 × 10−23 g, mn = 300mproton =
5.02 × 10−22 g, Tp = 200 K, Tn = 200 K, nn0 = 2 × 106
cm−3, np0 = 106 cm−3, zdnd0 = 106 cm−3, φs = 0.7
v= 2.3× 10−3 statv, R = 0.6 nm= 6× 10−8 cm, we have
[Assuming that α1, α2, α3 ∼ O(1)] a = 0.1670 (0.1995),
b = 0.8340 (1) and c = 0.09 (0.5) for positively (nega-
tively) charged dusts. In this case, though the Landau
damping coefficient is lower than the nonlinear one, but is
larger than or comparable with the dispersive coefficient.
Thus, both in laboratory and space plasma environments
the Landau damping effects on DAWs can no longer be
negligible, but may play crucial roles in reducing the wave
amplitude which will be shown shortly.
Next, to obtain the regular Landau damping of DAWs
in plasmas we set b = c = 0. Then Eq. (59) reduces to
∂n
∂τ
+ aP
∫ ∞
−∞
∂n
∂ξ′
dξ′
ξ − ξ′ = 0. (63)
Taking the Fourier transform of Eq. (63) according to
the formula (30) and using the result that the inverse
transform of [i sgn(k)] is −(1/pi)P (1/ξ), we have
ω =−ikα1
√
pi
8
σ−1/2
σ21
[
ζ
√
m+ (
√
m+ σ−3/2)µpd
]
≡−ipika. (64)
Thus, the DAWs become damped due to the finite pos-
itive and negative ion inertial effects as α1 ∝
√
mj/md,
and the damping decrement (nondimensional) γ is given
by
|γ| ∼
√
mpzd
md
√
pi
8
σ−1/2
σ21
[
ζ
√
m+ (
√
m+ σ−3/2)µpd
]
≡pia. (65)
8The variations of |γ| with respect to σ is shown in Fig. 2
for different values of the mass ratio m [Fig. 2(a)] and the
density ratio µpd [Fig. 2(b)]. It is seen that the value of
|γ| slowly decreases with an increase of the temperature
ratio σ for plasmas with positively charged dusts. How-
ever, for plasmas with negatively charged dusts, the value
of |γ| initially increases until σ reaches its critical value,
and then decreases with increasing values of σ. These
may be consequences of typical laboratory plasmas (see
above) in which positive ion temperature is higher than
the neagtive ions. Also, as the ratio m (µpd) increases,
the value of |γ| increases (decreases) [See the solid and
dashed lines for positively charged dusts, and the dot-
ted and dash-dotted lines for negatively charged dusts].
Thus, dusty plasmas with a higher concentration of pos-
itive ions (and hence that of the negative ions in order to
maintain the charge neutrality) than the charged dusts
reduce the linear Landau damping rate of DAWs. This
may be true for some laboratory plasmas as described
above. Also, since the mass difference of positive and
negative ions can be higher in space plasmas as men-
tioned above, an enhancement of the damping rate is
more likely to occur there. Furthermore, a higher value
of |γ| for plasmas with negatively charged dusts is seen to
occur (Compare the solid and dotted lines or the dotted
and dash-dotted lines).
IV. SOLITARY WAVE SOLUTION OF THE KDV
EQUATION WITH LANDAU DAMPING
We note that in absence of the Landau damping effect
(i.e. a = 0), Eq. (59) reduces to the usual KdV equation,
the solitary wave solution of which is given by
n = N sech2
(
ξ − U0τ
W
)
, (66)
where N = 3U0/b is the amplitude and W =
(12c/Nb)
1/2 ≡ √4c/U0 is the width and U0 = Nb/3
is the constant phase speed (normalized by cs) of the
solitary wave.
To find the solitary wave solution of Eq. (59) with the
effect of a small amount of Landau damping, we follow
Ref. [20]. Thus, integrating Eq. (59) with respect to ξ
one can obtain
∂
∂τ
∫ +∞
−∞
n dξ = 0, (67)
i.e., Eq. (59) conserves the total number of particles.
Furthermore, multiplying Eq. (59) by n and integrating
over ξ yields
∂
∂τ
∫ ∞
−∞
n2(ξ, τ)dξ ≤ 0, (68)
where the equality sign holds only when n = 0 for all ξ.
Equation (68) states that an initial perturbation of the
form (66) for which∫ +∞
−∞
n2 dξ <∞, (69)
will decay to zero. That is, the wave amplitude N is
not a constant but decreases slowly with time. In what
follows we perform a perturbation analysis of Eq. (59)
assuming that a ( ) is a small parameter with 1 ∼
b ∼ c a. The latter may be satisfied for plasmas (e.g.,
laboratory plasmas in which pair-ions can be Ar+SF−6 )
with m > 1 and µpd ∼ σ ∼ 1. So, we introduce a new
space coordinate z in a frame moving with the solitary
wave and normalized to its width as
z =
(
ξ − b
3
∫ τ
0
Ndτ
)
/W, (70)
where N is assumed to vary slowly with time and N =
N(a, τ). Also, assume that n ≡ n(z, τ). Under this trans-
formation Eq. (59) becomes
∂n
∂τ
+
a
W
P
∫ ∞
−∞
∂n
∂z′
dz′
z − z′ −
[
Nb
3W
− z
2N
(
dN
dτ
)]
∂n
∂z
+
b
W
n
∂n
∂z
+
c
W 3
∂3n
∂z3
= 0, (71)
where we have used ∂n/∂z′ = ∂n/∂z at z = z′.
Next, to investigate the solution of Eq. (71), we follow
Ref. [20] and generalize the multiple time scale analysis
with respect to a. Thus, we consider the solution as
[22, 23]
n(z, τ) = n(0) + an(1) + a2n(2) + a3n(3) + · · · , (72)
where n(i), i = 0, 1, 2, 3, · · · , are functions of τ =
τ0, τ1, τ2, τ3, · · · in which τi are given by
τi = a
iτ, (73)
where i = 0, 1, 2, 3, · · · . Substituting (72) into Eq. (71),
we obtain(
∂n(0)
∂τ
+ a
∂n(0)
∂τ1
+ · · ·
)
+ a
(
∂n(1)
∂τ
+ a
∂n(1)
∂τ1
+ · · ·
)
+
[
−Nb
3W
+
z
2N
(
∂N
∂τ
+ a
∂N
∂τ1
+ · · ·
)]
×
∂
∂z
(
n(0) + an(1) + · · ·
)
+
a
W
P
∫ ∞
−∞
∂n(0)
∂z′
dz′
z − z′
+
b
W
n(0)
∂n(0)
∂z
+
ab
W
(
n(1)
∂n(0)
∂z
+ n(0)
∂n(1)
∂z
)
+
c
W 3
∂3n(0)
∂z3
+
ac
W 3
∂3n(1)
∂z3
+ · · · = 0, (74)
Equating the coefficients of zeroth and first-order of a,
we successively obtain from Eq. (74) as
β
[
∂
∂τ
+
z
2N
∂N
∂τ
∂
∂z
]
n(0) +M
∂n(0)
∂z
= 0, (75)
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FIG. 4. Typical forms of the soliton solutions given by Eqs. (66) and (90) are shown. The left (right) panel shows the
solution without (with) the Landau damping effect. The parameter values are for plasmas with positively charged dusts with
m = 2, µpd = 1.2, σ = 1.2, α1 = 0.6, α2 = 0.8 and α3 = 8 so that b ∼ c  a. Also, for the left panel (a) U0 = 0.06, and for
the right panel (b) U0 = 40 and N0 = 0.4.
β
[
∂
∂τ
+
z
2N
∂N
∂τ
∂
∂z
]
n(1) +
∂
∂z
Mn(1) = βRn(0), (76)
where
β =
W 3
c
= 24
√
3c
b3
N−3/2, (77)
M =
∂2
∂z2
+ 4
(
3
n(0)
N
− 1
)
, (78)
Rn(0) = −
[
∂n(0)
∂τ1
+
z
2N
∂N
∂τ1
∂n(0)
∂z
+
1
W
P
∫ ∞
−∞
∂n(0)
∂z′
dz′
z − z′
]
. (79)
Next, imposing the boundary conditions, namely, n(0),
∂n(0)/∂z, ∂2n(0)/∂z2 → 0 as z → ±∞, it can easily be
shown that n(0) = N sech2z is the soliton solution of the
equation M∂n(0)/∂z = 0. Hence n(0) = N sech2z will be
the soliton solution of Eq. (75) if and only if [22, 23]
∂N
∂τ
= 0. (80)
Under the condition (80), Eq. (76) reduces to
β
[
∂n(1)
∂τ
]
+
∂
∂z
(
Mn(1)
)
= βRn(0). (81)
In order that the solution of Eq. (81) exists, it is nec-
essary that Rn(0) be orthogonal to all solutions g(z), of
L+[g] = 0 which satisfy g(±∞) = 0, where L+ is the
operator adjoint to L, defined by∫ ∞
−∞
ψ1(z)L[ψ2(z)]dz =
∫ ∞
−∞
ψ2(z)L
+[ψ1(z)]dz, (82)
where ψ1(±∞) = ψ2(±∞) = 0, and the only solution of
L+[g] = 0 is g(z) = sech2z. Thus, we have∫ ∞
−∞
Rn(0)sech2zdz = 0, (83)
which gives
∂N
∂τ
+
1
2
a
√
b
3c
N3/2 ×
P
∫ ∞
−∞
∫ ∞
−∞
sech2z
z − z′
∂
∂z′
(
sech2z′
)
dzdz′ = 0. (84)
Equation (84) is a first-order differential equation for the
solitary wave amplitude N(a, τ), the solution of which is
N(a, τ) = N0
(
1 +
τ
τ0
)−2
, (85)
where N = N0 at τ = 0 and τ0 is given by
τ−10 =
a
4
√
bN0
3c
P
∫ ∞
−∞
∫ ∞
−∞
sech2z
z − z′
∂
∂z′
(
sech2z′
)
dzdz′.
(86)
Taking Fourier transform of sech2z and making use of
the identity
P
∫ ∞
−∞
exp(ikz)
z − z′ dz = ipi sgn κ exp(iκz
′) (87)
one obtains
P
∫ ∞
−∞
∫ ∞
−∞
sech2z
z − z′
∂
∂z′
(
sech2z′
)
dzdz′ =
24
pi2
ζ(3) = 2.92,
(88)
where ζ is the Riemann zeta function. Thus, from Eq.
(86) we have
τ0 ≈ 1.37
a
√
3c
bN0
. (89)
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The final soliton solution of Eq. (59) with the Landau
damping is then given by
n =N0
(
1 +
τ
τ0
)−2
sech2
[(
ξ − b
3
∫ τ
0
Ndτ
)
/W
]
+O(a). (90)
This shows that the amplitude of DA solitary waves de-
cays slowly with time with the effect of a small amount
of the Landau damping. From Eq. (90), it is also seen
that as the wave amplitude decreases, the propagation
speed also slows down in widening the pulse width.
FIG. 5. The decay of the solitary wave amplitude [Eq. (85)]
with time is shown as a result of the Landau damping effect
for different values of the parameters m, µpd and σ as relevant
for plasmas with positively charged dusts. The other values
are taken as α1 = 0.6, α2 = 0.8, α3 = 8 and N0 = 0.2 so that
b ∼ c  a is satisfied. The qualitative behaviors remain the
same for plasmas with negatively charged dusts.
We numerically investigate the properties of the soli-
ton solutions given by Eqs. (66) and (90) with different
plasma parameters. Figure 3 exhibits the characteristics
of the KdV soliton for different values of (a) σ [Fig. 3(a)]
and (b) µpd [Fig. 3(b)] for plasmas with positively (PCD)
and negatively charged dusts (NCD). The changes of val-
ues of the amplitude and width are more pronounced in
case of plasmas with negatively charged dusts. In this
case, the solitons get widened and their amplitudes re-
main smaller than the positively charged dust case. From
Fig. 3(a) it is seen that as the temperature ratio σ in-
creases, both the amplitude and width of the soliton de-
crease. On the other hand, as the ratio µpd increases, an
increase of the amplitude and a decrease of the width are
found to occur [Fig. 3(b)].
Typical forms of the KdV soliton [Fig. 4(a)] and soli-
ton with the effect of Landau damping [Fig. 4(b)] are
shown in Fig. 4. The parameter values are for typical
laboratory plasmas (as mentioned before) with positively
charged dusts. The features are also similar in the case
of negatively charged dusts. Clearly, the wave amplitude
slows down with time by the effect of a small amount of
Landau damping. Such a decay of the wave amplitude
with time [Eq. (85)] is also exhibited in Fig. 5 for dif-
ferent parameter values. The latter are for plasmas with
positively charged dusts with m > 1 and µpd ∼ σ ∼ 1.
We find that as the mass and temperature ratios increase
(Relevant for typical laboratory dusty plasmas mentioned
above) there is a slowing down of the wave amplitude.
However, such a reduction of the amplitude is more pro-
nounced with a small enhancement of σ. Furthermore,
an increase of the wave amplitude with the density ratio
µpd is also found to occur.
V. CONCLUSION
We have investigated the Landau damping effects of
both positive and negative ions on small but finite am-
plitude electrostatic solitary waves in dusty negative-ion
plasmas consisting of mobile charged dusts and both posi-
tive and negative ions. A Korteweg de-Vries (KdV) equa-
tion with a nonlocal integral term (Landau damping) is
derived which governs the dynamics of weakly nonlinear
and weakly dispersive DAWs. It is found that for typi-
cal laboratory [3, 8, 9] and space plasmas [5], the Lan-
dau damping (and the nonlinear) effects for both positive
and negative ions become dominant over the finite De-
bye length (dispersive) effects for which the KdV soliton
theory is no longer applicable to DAWs in dusty pair-ion
plasmas. In such cases and in presence of Landau damp-
ing, the soliton amplitude is found to decay with time.
The wave amplitude also decreases with an increase of
the ratios of negative to positive ion masses (m) and the
positive to negative ion temperatures (σ). However, the
amplitude may be increased with increasing values of the
positive ion to dust number density ratio (µpd). On the
other hand, the amplitude and width of the KdV soli-
ton are found to decrease with an increase of σ, whereas
its amplitude increases and the width decreases with an
increase of µpd. The results should be useful for under-
standing the evolution of dust-acoustic solitary waves in
dusty negative ion plasmas such as those in laboratory
[3, 8, 9] and space environments [2, 5].
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